^-DERIVATIONS OF SIMPLE FINITE-DIMENSIONAL 
JORDAN ALGEBRAS AND SUPERALGEBRAS 



Ivan Kaygorodov 

Sobolev Inst, of Mathematics 
Novosibirsk, Russia 
kib@math.nsc.ru 

Keywords: 5 -derivation, Jordan (super) algebra. 

Abstract: 

We describe non-trivial 5 -derivations of semisimple finite- dimensional Jordan algebras over 
an algebraically closed field of characteristic not 2, and of simple finite- dimensional Jordan 
superalgebras over an algebraically closed field of characteristic 0. For these classes of algebras 
and superalgebras, non-zero 5-derivations are shown to be missing for 8 ^ 0, ~, 1, and we give 
Cs) ■ a complete account of ^- derivations. 
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INTRODUCTION 



The notion of derivation for an algebra was generalized by many mathematicians along quite 
different lines. Thus, in [1], the reader can find the definitions of a derivation of a subalgebra 
into an algebra and of an (si, ^-derivation of one algebra into another, where s\ and S2 are 
some homomorphisms of the algebras. Back in the 1950s, Herstein explored Jordan derivations 
of prime associative rings of characteristic p / 2; see [2]. (Recall that a Jordan derivation of 
an algebra A is a linear mapping jd : A — » A satisfying the equality jd{xy + yx) = jd{x)y + 
x 3d{y) + jd{y)x + yjd{x), for any x,y G A.) He proved that the Jordan derivation of such 



a ring is properly a standard derivation. Later on, Hopkins in [3] dealt with antiderivations 
of Lie algebras (for definition of an antiderivation, see [1]). The antiderivation, on the other 
hand, is a special case of a (^-derivation — that is, a linear mapping /i of an algebra such that 
O \ n{xy) = 8(fi(x)y + xfi(y)), where 5 is some fixed element of the ground field. 

Subsequently, Filippov generalized Hopkin's results in [4] by treating prime Lie algebras 
over an associative commutative ring $ with unity and ^. It was proved that every prime 
Lie $-algebra, on which a non-degenerated symmetric invariant bilinear form is defined, has 
no non-zero 5-derivation if 5 ^ — 1,0, In [4], also, ^-derivations were described for an 



arbitrary prime Lie $-algebra A (| G $j with a non-degenerate symmetric invariant bilinear 
form defined on the algebra. It was shown that the linear mapping <fi : A — > A is a —derivation 
iff G r(A), where T(A) is the centroid of A. This implies that if A is a central simple Lie 
algebra over a field of characteristic p ^ 2, 3 on which a non-degenerate symmetric invariant 
bilinear form is defined, then every ^-derivation has the form <p(x) = ax, a G $. At a later 
time, Filippov described 5-derivations for prime alternative and non-Lie Mal'tsev $-algebras 
with some restrictions on the operator ring $. In [5], for instance, it was stated that algebras 
in these classes have no non-zero 5-derivations if S ^ 0, |, 1. 

In the present paper, we come up with an account of non-trivial 5-derivations for semisimple 
finite-dimensional Jordan algebras over an algebraically closed field of characteristic not 2, 
and for simple finite-dimensional Jordan superalgebras over an algebraically closed field of 
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characteristic 0. For these classes of algebras and superalgebras, non-zero 5-derivations are 
shown to be missing for S ^ 0, |, 1, and we provide in a complete description of ^-derivations. 

The paper is divided into four parts. In Sec. 1, relevant definitions are given and 
known results cited. In Sec. 2, we deal with 5-Derivations of simple and semisimple finite- 
dimensional Jordan algebras. In Sees. 3 and 4, 5-derivations are described for simple finite- 
dimensional Jordan supercoalgebras over an algebraically closed field of characteristic 0. For 
some superalgebras, note, the condition on the characteristic may be weakened so as to be 
distinct from 2. A proof for the main theorem is based on the classification theorem for simple 
finite-dimensional superalgebras and on the results obtained in Sees. 3 and 4. 

1. BASIC FACTS AND DEFINITIONS 

Let F be a field of characteristic p, p ^ 2. An algebra A over F is Jordan if it satisfies the 
following identities: 

xy = yx, (x 2 y)x = x 2 (yx). 

Jordan algebras arise naturally from the associative algebras. If in an associative algebra A we 
replace multiplication ab by symmetrized multiplication a o b = \{ab + ba) then we will face a 
Jordan algebra. Denote this algebra by A^ + \ Below are essential examples of Jordan algebras. 

(1) The algebra J(V, f) of bilinear form. Let / : V x V — > F be a symmetric bilinear 
form on a vector space V . On the direct sum J = F ■ 1 + V of vector spaces, we then define 
multiplication by setting 1 • v = v ■ 1 = v and V\ ■ i>2 = /(fi,^) ' 1; under this multiplication, 
J = J(V,f ) is a Jordan algebra. If the form / is non- degenerate and dimV > 1, then the 
algebra J(V, f) is simple. 

(2) The Jordan algebra H(D n ,J). Here, n ^ 3, D is a composition algebra, which is 
associative for n > 3, j : d — > d is a canonical involution in D, and J : X — > X is a standard 
involution in D n . 

THEOREM 1.1 [6]. Every simple finite-dimensional Jordan algebra A over an algebraically 
closed field F of characteristic not 2 is isomorphic to one of the following algebras: 

(1) F-l; 

(2) J(VJ); 

(3) H(D n ,J). 

We recall the definition of a superalgebra. Let T be a Grassmann algebra over F, which is 
generated by elements 1, ei, . . . , e n , . . . and is defined by relations e 2 = 0, e,iCj = —efii- Products 
1, e^e^ . . . ei k , i\ < %2 < ■ ■ ■ < ik, form a basis for T over F. Denote by r and Ti the subspaces 
generated by products of even and odd lengths, respectively. Then V is represented as a direct 
sum of these subspaces, T = r + Ti, with TiTj C rj + j( mod2 ), i, j — 0, 1. In other words, T is a 
Z 2 -graded algebra (or superalgebra) over F . 

Now let A = Aq + Ai be any supersubalgebra over F. Consider a tensor product of F- 
algebras, Y ® A. Its subalgebra 

T(A) = T ® A + r x <g) A 1 

is called a Grassmann envelope for A. 

Let f2 be some variety of algebras over F. A Z 2 -graded algebra A = A + Ai is a Q- 
superalgebra if its Grassmann envelope T(A) is an algebra in Q. In particular, A = A © A± is 
a Jordan superalgebra if its Grassmann envelope T(A) is a Jordan algebra. 
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In [7], it was shown that every simple finite-dimensional associative superalgebra over an 
algebraically closed field F is isomorphic either to A = M m;n (F), which is the matrix algebra 
M m+n (F), or to B = Q(n), which is a subalgebra of M 2n (F). Gradings of superalgebras A and 
B are the following: 



A = 
A l = 
B Q = 



A 

D 

B 

C 

A 

A 



A G M m (F), D G M n (F) \ , 



BeM m<n (F), CeM n<m (F)\, 



A G M n (F) , B 1 



B 
B 



B G M n (F) 



Let A = A + Ai be an associative superalgebra. The vector space of A can be endowed 
with the structure of a Jordan supersubalgebra A^ , by defining new multiplication as follows: 
a o b = \{ab + (-l) p(a ^ba). In this case p(a) = i if a G K 

Using the above construction, we arrive at superalgebras 

M m ,„(F)W, m^l, n^l; 
Q(n) (+) , n > 2. 

Now, we define the superinvolution j : A — > A. A graded endomorphism j : A — > A is called 
a superinvolution if j(j(a)) = a and j(a6) = (— l) p( - a ^ p ^j(b)j(a). Let H(A,j) = {a E A : j(a) = 
a}. Then H(A,j) = H(A ,j) + H(Ai,j) is a subsuper algebra of Below are superalgebras 
which are obtained from M nyTn (F) via a suitable superinvolution: 



(1) the Jordan superalgebra osp(n, m), consisting of matrices of the form 
A T = A e M n (F), C = Q- 1 B T , D = Q- 1 D T Q e M 2m (F), and Q = 





— En 



A 
C 
E 

J -'m 





B 
D 



where 



A 
C 



B 
D 



where 



(2) the Jordan superalgebra P(n), consisting of matrices of the form 

B T = -B, C T = C, and D = A T , with A, B,C,De M n (F). 

THEOREM 1.2 [8, 9]. Every simple finite-dimensional non-trivial (i.e., with a non-zero 
odd part) Jordan superalgebra A over an algebraically closed field F of characteristic is 
isomorphic to one of the following superalgebras: 

M m , n (F)M; Q(n)(+); osp(n,m); P(n); J(VJ); D t , t ± 0; K 3 ; K w - J(T n ), n > 1. 

The superalgebras J(V,f), D t , K 3 , K w , and J(T n ) will be defined below. 

Let 5 G F. A linear mapping of A is called a 5- derivation if 



(j)(xy) = 5(x<p(y) + (p(x)y) 



(1) 



for arbitrary elements x, y G A. 

The definition of a 1-derivation coincides with the conventional definition of a derivation. 
A 0-derivation is any endomorphism of A such that <p{A 2 ) = 0. A non-trivial 5-derivation is 
a 5-derivation which is not a 1-derivation, nor a 0-derivation. Obviously, for any algebra, the 
multiplication operator by an element of the ground field F is a ^-derivation. We are interested 
in the behavior of non-trivial ^-derivations of semisimple finite-dimensional Jordan algebras 
over an algebraically closed field of characteristic not 2, and of simple finite-dimensional Jordan 
superalgebras over an algebraically closed field of characteristic 0. 
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2. 5-DERIVATIONS FOR SEMISIMPLE FINITE-DIMENSIONAL 

JORDAN ALGEBRAS 



In this section, we look at how non-trivial (^-derivations of simple finite-dimensional Jordan 
algebras behave over an algebraically closed field F of characteristic distinct from 2. As a 
consequence, we furnish a description of (^-derivations for semisimple finite-dimensional Jordan 
algebras over an algebraically closed field of characteristic not 2. 

THEOREM 2.1. Let be a non-trivial (^-derivation of a superalgebra A with unity e over 
a field F of characteristic not 2. Then 8 — |. 

Proof. Let 5 ^ \. Then 0(e) = 0(e • e) = <5(0(e) + 0(e)) = 250(e), that is, 0(e) = 0. Thus 
4>(x) = 4>(x ■ e) = S((j)(x) + a;0(e)) = <50(x) for arbitrary x E A. Contradiction. The theorem is 
proved. 

LEMMA 2.2. Let be a non-trivial ^-derivation of a Jordan algebra A isomorphic to the 
ground field. Then 0(x) = ax, a E F. 
Proof. Let e be unity in A. Then 

4>{x) = 2<f)(xe) - <f>(x) = x0(e), (2) 

that is, 0(x) = ax, a E F. The lemma is proved. 

LEMMA 2.3. Let be a non-trivial ^-derivation of an algebra J(V,f). Then 4>(x) = ax 
for a G F. 

Proof. Let 0(e) — ae + v, where a G F and v G V. From (2), it follows that 4>(x) = x(j)(e) 
for any x G J(V, f). 

For w G V, we then have 

af{w, w)e + f(w, w)v = w 2 (ae + v) — <j){w 2 ) = |(u>0(u>) + (f)(w)w) 

= uxpiw) = w(w(ae + v)) = w(aw + f{v, w)e) 
= af{w, w)e + f(w, v)w. 

As the result, f(w,w)v = f(w,v)w. Now, since w is arbitrary and dim(V) > 1, we have v = 0. 
Thus 6( for any x G J{V, /). The lemma is proved. 

LEMMA 2.4. Let be a non-trivial ^-derivation of an algebra H(D n ,J), n ^ 3. Then 
4>(x) = ax for a G F. 

Proof. Relevant information on composition algebras can be found in [6]. Let 0(e) = ae + v , 
where v = Yl x i,j e i,j> x i,i = 0? x i,j = x ~j}.i ol E F , x it j G D. 

From (2), for x G H{D n , J) arbitrary, we have 

x 2 o [ae + v) — 4>{x 2 ) = x o 0(x) = x o (x o [ae + v)), x 2 o v = x o {x o v). (3) 

n n n 

If we put x = e k)k we obtain £ x kJ e kJ + J2 x itk e itk = 2e 2 kk ov = 2e k)k o(e k)k o V ) = I( £ x fcij e fcij + 

j=l i=l j=l 

n n 

^fc,fce fc ,fc + a^,fc e M + ^ x i)k e i>k ), whence v = J2 z M e M . 

i=i i=i 

n 

For x = e n>k + e k) n substituted in (3), we have x n)n e n>n + x k , k e k)k = (e n>k + e fci „) 2 o J] z M e M = 

i=i 

n 

ifin,k &k,n) ° ((Cn,A; "I - &k,n) x i,i^i,i) ifin,k &k,n) 2 i. X n,n^k,n x k,k&k,n x k,k&n,k x n,n&n,k) 

i=l 
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\{x k)k e k)k + x k)k e n>n + x n>n e k)k + x n , n e n , n ), which yields x n>n = x n _i, n _i = . . . = x hl = and 
v = 0. 

Consequently, <f>(x) = ax for any x G H(D n , J). The lemma is proved. 

THEOREM 2.5. Let be a non-trivial 5-derivation of a simple finite-dimensional Jordan 
algebra A over an algebraically closed field F of characteristic distinct from 2. Then 8 — \ and 
<f>(x) = ax, a G F. 

The proof follows from Theorems 1.1, 2.1 and Lemmas 2.2-2.4. 

THEOREM 2.6. Let be a non-trivial 5-derivation of a semisimple finite-dimensional 

n 

Jordan algebra A = A, where Ai are simple algebras, over an algebraically closed field of 

i=i 

n n 

characteristic not 2. Then 5 — |, and for x = x i where Xi G Ai, we have <f>(x) = J^aiXi, 

i=l i=l 

ctj G F. 

Proof. Unity in is denoted by e k . If G Ai, then = rr/" + x~ , where xf G A{ 

n 

and a;^ ^ A^. Put e l = — and 0(e*) = e l+ + e l_ , where e i+ G A, and e*~ ^ A^. Then 

fe=i 

= 4>(xi ■ e l ) = 5(4>(xi) ■ e l + Xi- 0(e 1 )) = 5((xl + x~)e l + Xi(e %+ + e l ~)) = 5(x~ + Xi ■ e l+ ), which 
yields x^ = 0. Consequently, the mapping is invariant on A^. In virtue of Theorem 2.5, 5 — \ 
and 4>{xi) = aiXi for some at G F defined for Ai with Xi G A, arbitrary. It is easy to verify that 

(n \ n 
E x i I = E ^i^i) 6 A, is a ^-derivation. The theorem 
i=l / i=l 

is proved. 



3. 5-DERIVATIONS FOR SIMPLE FINITE-DIMENSIONAL 
JORDAN SUPERALGEBRAS WITH UNITY 



In this section, all superalgebras but J(T n ) are treated over a field of characteristic not 2. 
The superalgebra J(T n ) is treated over a field of characteristic 0. Among the title superalgebras 
are M m>n (F)( + \ Q{nY + \ osp(n,m), P(n), J(V,f), and J(T n ). Theorem 2.1 implies that these 
superalgebras all lack in non-trivial 5-derivations, for 5 ^ |. Therefore, we need only consider 
the case of a ^-derivation. 

LEMMA 3.1. Let be a non-trivial ^-derivation of M m!n (F)( + \ Then 0(x) = ax for some 
a G F. 

Proof. It is easy to see that, for 1 ^ i,j < n + m, elements e i: j form a basis for the 

m+n 

m. 

fc,«=i 

If in (1) we put x = y = we arrive at 



superalgebra M mj „(F) (+) . Let (f)(e id ) = a kfk,u where a k 'j e F, i, j = 1, . . . ,n + 



m+n . . / n+m . . n+m . . \ 

E a k,i e k,i = 0(e M ) = <f){eli) = §(e M o 0(e M ) + 0(e M ) o e M ) = § E «M e ^ + E , 

k,l=l \ 1=1 k=l J 

whence 0(ej ; j) = c^e^i, where ctj = a-'-, i = 1, . . . , m + n. 
Substituting x = and y = e^, i ^ j, in (1), we obtain 

m+n . . / m+n . . m+n 

E a k J ,i e k,i = <P{ei,j) = 2( P(ei,j ° ei,i) = | "ieij + E "i^i,/ + E «M e fc, 

fei=l V i=l k=l 



Analyzing the resulting equalities, we conclude that a]'^ = q.{. A similar argument for 
and ejj yields a\j = otj. Since is linear, 0(e) = ae. Using (2) gives 0(x) = ax, for any 
x e M n ^ m (F)( + \ The lemma is proved. 

LEMMA 3.2. Let be a non-trivial ^-derivation of Q(n)( + \ Then 0(x) = ax, where 
ae F. 

Proof. Clearly, Ajj = e it j + e n+ijn+ j and A M = e n+i j + e ijTl+ j form a basis for the 
superalgebra Q(n)( + \ 

On the basis elements, the following relations hold: 

A id o A M = \{5 hk A hl + 8ijA k j), A id o A fe >< = \{5 hk A^ 1 + 5 lti A k > j ). 

n n 

Let 0(A 4J ) = E a kAk,i + E a£fA k > 1 . Put x = y = A M in (1). Then 

k,l=l ' k,l=l 
n n 

E <A,z + E <f A fe '' = 0(A M ) = 0(Af,) = i(A M o 0(A M ) + 0(A M ) o A M ) = 

k,l=l k,l=l 

(n n n n 

E ajiAi,, + E <A,* + E <?a*.* + E <f A*-' 
«=1 fc=l k=l 1=1 

Consequently, 0(A ii j) = ajA^j + a'A 4 ' 1 , where ctj = a]'^ and a* = a* 1 /. 
If we substitute x = A^j and y = A it j, i ^ j, in (1) we obtain 

E KfA.z + a#A fc .') = 0(A M ) = 20(A M o Ajj) = 
fc,j=i 

(ran ra n \ 

a, Ay + a* A« + E ag A*,, + E agA fc>< + E «j J ^ + E <f A fc <* . 
Z=l fc=l /=1 fc=l / 

Hence a\j = a; L , a*y = a 1 . 

A similar argument for Ajj and Ajj yields 

0(A„) = a^A h0 + a,A hJ + aff A j,j + n'A'-. 

These relations readily imply that ctj = aj = a and a 1 = a? = j3, that is, 0(Aj i j) = aA ^ j + /3 A*'\ 

n 

Clearly, <j>(E) = aE + (3A, where E is unity in Q(n)( + \ and A = E( e «,n+« + e n+v)- Suppose 

i=i 

that j3 and 0(x) = ax + /3A o x is a ^-derivation. A mapping -0 : Q(nY + ^ — )■ Q(n)( + \ for 
which -0(x) = A o x, likewise is a —derivation. Obviously, |(A V — A JJ ) = ^(A*' 7 o A- 7 '*) = 
|((A^ o A) o A J ^ + A l ' j o (A** o A)) = 0. On the other hand, A*'* - A j ' j ^ 0. Consequently, 
,5 = 0, that is, 0(x) = ax. The lemma is proved. 

LEMMA 3.3. Let be a non-trivial ^-derivation of osp(n,m). Then 0(x) = ax for some 
ae F. 

n m 

Proof. It is easy to see that E = E Aj + E A- 7 , where A J = e n+ j tTl+ j + e n+m+ j jTl+m+ j and 

i=l j=l 

Aj = e iti is unity in the supersubalgebra osp{n,m). Let 

n+2m n+2m 

0(Ai) = E a l,i e k,i, i = l,...,n, 0(A J ) = E /%*e M , j = l,...,m. 
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n+2m 

If we put x = y = Aj, i = l,...,n, in (1) we obtain a li e k,i — 0(Aj) = 0(A?) = 

fc,«=i 

(n+2m n+2m \ 

E «fci e fe,i + E «h e M > which y ields H A i) = <*Ai, 
k=i 1=1 j 

i = 1, . . . , n. 

Put x = y = A 1 , i — 1, . . . , m, in (1). Then 

n+2rrt 

E /Vm = = 0((A 1 ) 2 ) = ±(A« o 0(A*) + 0(A*) o AO = 
fc,j=i 

n+2m n+2m n+2rn n+2m \ 

E ft E # 

fe=i fe=i ;=i z=i y 

By the definition of osp(n,m), we have #_ Kn+ro+i = /4+n+i,n+i = and /3; +ij „ +i = 
/3; +m+l , n+m+ ,. Thus 0(A') = j — 1, . . . ,m. 

2m+n 

Let (e^j + e^) G osp(n,m), i,j = l,...,n, and 0(ejj + e^) = l]fi e k,i- If we put 

k,l=l 

x = eij + ejj and y = Aj in (1) we arrive at 

2m+n . . /2m+n . . 2m+n 

E 7fcje fc)/ = 0(e^ + ejii ) = 2^((e iJ + e j}i ) oAj) = | E lh,fik,i + E ll'j e i,i + «i( e i,i + e j,i 

k,l=l \ k=l 1=1 

In view of the last relation, 7^ = 7*'j = «j. Similar calculations for e it j + e^j and Aj give 
7$ = TiJ = U ltimatel yj <K A i) = i = 1, . . . , ra. 

2m+n . . 

Let = (e n+iin+i + e n+m+ji n+m +i) e osp(n,m), i,j = 1, . . . ,m, and = E <41 e M- 

fc,z=i 

Put x = E'jj and y = A* in (1); then 

2m+n . . / 2m+n . . 2m+n 

E wge fc> , = = 20(£ ij oA') = | E ^ jen+i,, + E <«>J.f n+i e fcin+i + 

fc,z=i y /=i k=i 

2m+n . . 2m+n . . \ 

E W n+m+j,Z e ™+»™+*,' + E w fc,ra+m+i e fc,™+™+* + A-^ij I ■ 
1=1 k=l J 

Consequently, u^ n+j = uj +m+jjn+m+i = fa. 

A similar argument for E-ij and A- 7 shows that w*+ iri+ j = uJ n '+m+j,n+m+i = Pj with 1 ^ i,j ^ 
m. Eventually we conclude that 0(A J ) = /3A J , j — 1, . . . , m. 

2m+n 

Let E n = e hn+m+ i - e n +i,i G osp(n,m) and 0(£ n ) = E ^fc,/e fc ,z. If we put x = E n and 

k,l=l 

y = A 1 in (1) we have 

2m,+n / 2m+n 

E ffc,I e *,i = <f){E U ) = 2<f)(E 11 O A 1 ) = I (^,n+l e M+l + Vk,n+m+iek,n+m+l) + 

k,l=l \ k=l 

2m+n 

E { v n+l,lZn+l,l + v n+m+l,lZn+m+l,l) + ®E j ■ 
Z=l 
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whence z/i iJn+n+ i = v n+ i t i = a. Further, for x = E 11 and y — Ai substituted in (1), we obtain 
E ^,/ = 0(^ 11 ) = 20((^ 11 )oA 1 ) = i E "i,iei,i+ E ^Aj + ^M 

fc,Z=l \ 1=1 k=l J 

and z/ l m+n+1 = v n+ i t i = f3. Thus a — j3 and 0(£ l ) = olE. From (2), it follows that <p(y) = ay 
for any element y G osp(n,m). The lemma is proved. 

LEMMA 3.4. Let be a —derivation of P(n). Then (j>(x) = ax, where a G F. 

n 

Proof. Let Ay = ey + e n+ j >n+i , E = E A M be unity in the superalgebra P(n), and 

i=i 

2n 

4>{Aij) = E a k\ e k,i- If in (1) we put x = y = A M we arrive at 

fc,«=i 

2n . . / 2n . . 2n 2n 2n 

E «I',I e i,l = <K A v) = <K A ?,i) = \ E aj »+*,Z e "-M,' + E ^k,n+i e k,n+i + E <1 e M + E a Xi e k, 
k,l=l \ l=1 k=1 1=1 k=1 

The definition of P(n) implies a l /' n+i = 0. Therefore, 0(A M ) = a^-e M + a l ^ + ^ n+i e n+ ^ n+i + 
Put x = Aj 5 j and y = Ay in (1). Then 

2n 

E = 0(Aij) = 20(A M o Ay) 

k,l=l 

_ 1 I «,« , j,i , «,« , i,i 

~~ 2 I a i,i e ij ' a n+i,n+i e n+j,n+i + a n +!,i e n+J,i + a n+i,i e n+i,j 

2ra 2ra . . 2n . . 2n . . 

+ E "i^M + E «M e fc,i + E «!;+i,l e n+»,( + E a l k, n+i ek,n+i 
1=1 k=l 1=1 k=l 

inus — ct!y, a n+in+i — a n+ j n+i , ana Q; n+ j j — oi n+ ji- 

Arguing similarly for A j:j and Ay, we obtain afj = cty, = a l ^ + ^ n+i) and ci^+jj = 

a^+j j. In view of the definition of P(n) and the relations above, we have ^(A^j) = aAi^-\-^e n+ i^. 

n 

The fact that the mapping is linear implies (j)(E) = aE + f3A, A = E( e n+i,i)- 

i=i 

Suppose that (5 ^ and = ax + /3A o x is a —derivation. Then a mapping -0 : P(n) — >■ 
P{n), where ^(rr) = A o x, likewise is a ^-derivation. We argue to show that this is not so. 
Let b jti = e^ n+i - e i>n+j . Then ^{A^ o = ^(0) = 0; but ±(^(Ay) o + Ay o VKfy.z)) = 

2 (( A M ° A ) ° + Aij O (6j -i ° A )) = 4 (( e n+j,i + e ra+i,j) ° { e j,n+i ~ e i,n+j) + ( e jr',i — Cy ~ ^n+j,n+i + 

e n+ i jn+ j) o (ey + e n+ j jn+ j)) = |Ay ^ on the other hand. Hence -0 is not a ^-derivation. 
Therefore, /3 = and <f>(x) = ax. The lemma is proved. 

We define the Jordan superalgebra J(V, f). Let V — V + V 1 be a Z 2 -graded vector space 
on which a non-degenerate superform /(.,.) : V x V -> F is defined so that it is symmetric 
on Vo and is skew-symmetric on V\. Also f(Vi,Vo) = f(Vo,Vi) = 0. Consider a direct sum of 
vector spaces, J = F © V. Let e be unity in the field F. Define, then, multiplication by the 
formula (a + v)(j3 + w) = (af3 + f(v,w))e + (aw + j3v). The given superalgebra has grading 
J = F + Vo, Ji —Vi. It is easy to see that e is unity in J(V, f). 

LEMMA 3.5. Let be a ^-derivation of J(V, f). Then <j>{x) = ax, where a G F. 
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Proof. Let 0(e) = ae + vo + vi, Vi G Vi. Putting x = Zi, y = e, and Z{ G Vi in (1), we obtain 
<f>(zi) = 2<f)(z i e)-(f)(z i ) = <f>(zi)e+Zi(f>(e)-(f>(zi) = az t + f(z h Vi)e, whence <f>(zi) = az t + f{z h Vi)e. 

If we put x = Zq and y = Z\ in (1) we arrive at = (f)(z 1 z ) = \(4>(zi)zq + Zi(f)(z )) = 
f(zi, Vi)zo + f(zo, Vo)zi. By the definition of a superform /, we have v o = and v\ = 0, that is, 
0(e) = ae. Using (2) yields <f>(x) = ax, a G F, for any x G J(V, f). The lemma is proved. 

Consider the Grassmann algebra T with (odd) anticommutative generators e\, e%, ■ ■ ■ , e n , . . . . 
In order to define new multiplication, we use the operation 

d ( \ _ / ( — 1) e h e i2 • • • e i k -i e ik+l ■ ■ ■ e in ^ J = *fc> 



*i l,1,r '" ; \0 if j £i h I = l,...,n. 

For f,g G r (J Ti, Grassmann multiplication is defined thus: 

oo 

{/.9} = (-if (/) E||. 

i=i 

Let T be an isomorphic copy of T under the isomorphic mapping x — > x. Consider a direct 
sum of vector spaces, J(r) = T + T, and endow it with the structure of a Jordan superalgebra, 
setting A = T + Ti and A± — Fi + T , with multiplication •. We obtain 

a»b = ab,a»b = (-l) pib) ~a~b, a»b = d>, a • b = (-l) pib) {a, b}, 

where a, b G r |Jri and aft is the product in T. Let T n be a subalgebra of T generated by 
elements e±, e2, . . . , e n . By J(r„) we denote the subsuperalgebra T n + T n of J(T). If n ^ 2 then 
J(r n ) is a simple Jordan superalgebra. 

LEMMA 3.6. Let be a ^-derivation of J(T n ). Then 0( where a E F. 

Proof. Let 0(1) = c^y + /3z7, where a, (5 G F, 7 G T, and 17 G T. Put y = 1 in (1); then 

<f)(x) = 20(x • 1) - 0(x) = 0(x) + x • 0(1) - 0(x) = x • 0(1). (4) 

If in (1) we put x — el, y — el, i — 1, . . . , n, with (4) in mind, we arrive at 

0(1) = 0(e7«el) = |(0(el) • el + el* <f>(el)) = <fi(el) • el=e~ i * (el • (f)(1)) . 

For any x of the form e ix e i2 . . . e ik , obviously, we have 

f x if = 0, 

e7 • (el • x) = <^ aei (5) 

I otherwise; 

N fx if ^ ^ 0, 
e".(e-.x)= ^ T (6) 

I otherwise. 

Let 7 = 7* + + ej7*~ and V = v %+ + eiv % ~ , where 7*", 7* + , v % ~ , z/ + do not contain e^. Since % is 
arbitrary, in view of (5) and (6), we have 7 = 1 and v — e\ . . . e n . Thus 0(1) = a ■ 1 + jOei . . . e n . 
Relation (4) entails 

0(ei) = e 1 • 0(1) = ex • (a ■ 1 + (3e 1 . . . e n ) = ae x , 

0(el) = el • 0(1) = el • (a • 1 + /3ei . . . e n ) = ael + /3e 2 . . . e n . 

The relations above, combined with the condition in (1), imply = 0(ei • e±) = \(e\ • 
0(ei) + 0(ei) • e!) = |ei . . . e n ; that is, 0(1) = a ■ 1. From (2), we conclude that 0(x) = ax for 
any element x G J(r n ). The lemma is proved. 
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4. 5-DERIVATIONS FOR JORDAN SUPERALGEBRAS 

K 3 , D t , K 10 



In this section, we confine ourselves to non-trivial (^-derivations of simple finite-dimensional 
Jordan superalgebras K 3 , K w , and D t over an algebraically closed field of characteristic p not 
equal to 2. For the superalgebra K 10 , we require in addition that p ^ 3. In conclusion, we 
formulate a theorem on ^-derivations for simple finite-dimensional Jordan superalgebras over 
an algebraically closed field of characteristic 0. 

The three-dimensional Kaplansky superalgebra K 3 is defined thus: 

(K 3 ) = Fe, (K^^Fz + Fw, 

where e 2 = e, ez = \z, ew = \w, and [z, w] = e. 

LEMMA 4.1. Let be a non-trivial (^-derivation of K 3 . Then 5 = \ and 0(x) = ax, where 
a G F. 

Proof. Let 0(e) = a e e + (3 e z + 7 e u>, (j>(z) = a±e + j3iz + jiw, and 4>(w) = a: 2 e + fiiz + 72^, 
where a e , a±, a2, (3 e , Pi, 02, 7e, 7i, 72 G F. If we put x = y = e in (1) we obtain 

a e e + (3 e z + 7 e w = 0(e) = 0(e 2 ) = 6(e<f>(e) + 0(e)e) = <5(2a: e e + (3 e z + j e w). 

Thus it suffices to consider the following two cases: 

(1) « = 5; 

(2) 5 \, 0(e) = 0. 

In the former case, 0(e) = ae, where a = a e . Case (1), for x = e and y = z, entails 
a i e + fii z + liw = <f>(z) = 20(ez) = 2 • |(e0(z) + (j>(e)z) = a±e + \{fii% + jiw + az), whence 
Pi — \{Pi + a ) an d 7i — |7ij that is, Pi — a and 7! = 0. Similarly, substituting in (1) 
x = e and y = w, we obtain 72 = ct and $2 = 0. For x = z and y = w in (1), we have 
ae = 0(e) = <f>([z, w]) = \{z(f>{w) + (f>(z)w) = \{\a.2Z + ae + \oliw + ae), whence 0(e) = ae, 
<f>(z) = az, and 0(u>) = aw, where a G F. Consequently, <f>(x) = ax for any x G K 3 . 

We handle the second case. For x = e and y = z in (1), we have a^e + $\z + 71 u> = 0(z) = 
20(ez) = 25(e0(z) + (f)(e)z) = 5(2o;ie + (3iz + 71 u>), which yields <f>(z) = 0. Similarly, we arrive 
at (f>(w) = 0. The fact that is linear implies = 0. The lemma is proved. 

At the moment, we define a one-parameter family of four-dimensional superalgebras D t . For 
t G F fixed, the given family is defined thus: 

D t = (A)o + (A)i, 

where (D t )o = Fe x + Fe 2 , (A)i = Fx + Fy, ej = e h e x e 2 = 0, e { x = \x, e { y = \y, [x,y] = 
ei + te 2 , i = 1,2. 

LEMMA 4.2. Let be a non-trivial 5-derivation of D t . Then 8 — \ and 4>(x) = ax, where 
ae F. 

Proof. Let 

0(ei) = aiei + /?ie 2 + 71-2 + Aiw, 0(e 2 ) = a 2 ei + /3 2 e 2 + 72-2 + A 2 w, 
<f>(z) = a z e x + (3 z e 2 + ^ z z + X z w, <p(w) = a w e x + f3 w e 2 + j w z + \ w w, 

with coefficients in F. 
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Putting x = y = e± and then x — y — e 2 in (1), we obtain a\e\ + fi\e 2 + 712; + \\w = <f>(ei) = 
0(ef) = 25(ei0(ei)) = 25a: 1 ei + SjiZ + SXiW and a 2 ei + /32e2 + 72<2 + A2W = 25/3 2 e2 + 572-2 + 5A 2 w, 
whence «i = 2(fai, ft = 0, 71 = £71, Ai = 5\ x , a 2 = 0, ft = 2<5ft, 72 = #72, A 2 = <5A 2 . 

There are two cases to consider: 

(1) 5 = \, ft = a 2 = 71 = 72 = Ai = A 2 = 0; 

(2) 5 ^ \, oti = a 2 = ft = ft = 71 = 72 = Ai = A 2 = 0. 

In the former case, 0(ei) = a±ei and (f)(e 2 ) = (3 2 e 2 . Put x — e\ and y = z in condition (1); 
then a z ei+(5 z e 2 +^ z z+\ z w = (j>(z) = 2(j)(e 1 z) = 2-\(e 1 (f)(z)+(j){e 1 )z) = a z ei + \(^ z z+\ z w+aiz) , 
which yields ot\ = j z , (3 Z = \ z = 0. 

For x = e 2 and y = z in (1), we have a 2 ei +j z z = <f>(z) = 2<p(e 2 z) = 2 ■ \{e 2 ${z) + <p(e 2 )z) = 
\{lzZ + (3 2 z), whence j z + (3 2 = 2^f z , a z — 0, ol\ — (3 2 , and <f>(z) = az, where a = a±. Similarly, 
we conclude that (f>(w) = aw. The mapping is linear; so (f>(x) = ax, a G F, for any x G D t . 

We handle the second case. Put x = e\ and y = z in (1); then a z e\ + (3 z e 2 + \ z z + ^y z w = 
4>(z) = 2(f)(e\z) = 2S(ei(f>(z) + (f>(ei)z) = b{2a z t\ + \ z z + j z w), which yields <f>(z) = 0. Arguing 
similarly for w, we arrive at a w e\ + (3 w e 2 + ^ w z + \ w w = 5{2a w ei + ^ w z + A w u>). Consequently, 
0(w) = 0. Ultimately, the linearity of implies = 0. The lemma is proved. 

The simple ten-dimensional Kac superalgebra K w is defined thus: 

K 10 = A © M, (K w ) = A, (K 10 ) 1 = M, where A = A 1 © A 2 , 

A 1 = Fe\ + Fuz + Fuw + Fvz + Fvw, 
A 2 = Fe 2 , M = Fz + Fw + Fu + Fu. 
Multiplication is specified by the following conditions: 

ef = ei, t\ is unity in A±, e^m = \m for any m G M, 
[u, z] = uz, [u, w] = uw, [v, z] = vz, [v, w] = vw, 
[z, w] — e 1 — 3e 2 , [u, z]w = —u, [v, z]w = —v, [u, z] [v, w] = 2e x \ 

all other non-zero products are obtained from the above either by applying one of the skew- 
symmetries z ■<->■ w or u ■<->■ v or by substituting z <H> u and w ■<->■ v simultaneously. 

LEMMA 4.3. Let be a non-trivial 5-derivation of K w . Then 5 — | and <f>(x) = ax, 
where a G F. 
Proof. Let 

4>(ei) = a±ei + a 2 e 2 + a^z + a^w + a^u + a%v + a-juz + a%uw + agvz + a±ovw, 
(f>(e 2 ) = fiiei + (5 2 e 2 + /3 3 z + (3 4 w + /3 5 u + /3 6 v + (5 7 uz + /3$uw + /3 9 vz + f3 10 vw, 
(f)(z) = 7f d + 7|e 2 + 7|-2 + 74W + 7g-u + 7gW + 77MZ + 7|mw + ^vz + 7f f w , 

= 7fei + 7^e 2 + 7^-2 + 7^w + 7™m + IqV + 7™-U2; + ^uw + 7^wz + 7^^^, 
(j){u) = 7"ei + 7^2 + 73-2 + 74 w + 75M + 7gf + jjuz + j^uw + ^gvz + ^ vw, 
(j)(v) = 7iei + 7|e 2 + 73-2 + 74W + 75M + 7gW + rfuz + 7g-uw + ^vz + ^vw, 

where all coefficients are in F . 
For x = y = t\ in (1), we have 

a±ei + a 2 e 2 + a 3 z + a^w + a 5 u + a 6 v + a 7 uz + a 8 «w + a 9 v z + a 10 f w = 

0(ei) = 0(e?) = <J(0(ei)ei + 6x0(6!)) = 
25(aiei + |« 3 z + |a4W + |«5-u + |a;6f + 0:7^-2 + a%uw + agfz + awvw), 
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whence a.\ = 2Sa±, a 2 = 0, 0:3 = Sa^, 0:4 = Sa^, 0:5 = 5a$, a§ = 5a%, a-j = 25a 7 , as = 26a$, 
ag = 25ag, aio = 25a\Q. 

Putting x = y = e 2 in (1), we obtain 

ftei + fte 2 + ftz + (5 4 w + f3 5 u + /3 6 v + (5 7 uz + /3 8 uw + (5gvz + /3 10 vw = 
0(e 2 ) = 0(el) = 5(0(e 2 )e 2 + e 2 0(e 2 )) = 25e 2 0(e 2 ) = 
25(fte 2 + ±ftz + ±ftu> + |ftu + ±/9 6 u), 

which yields ft = 0, ft = 25ft, ft = 5ft, ft = 5ft, ft = 5ft, ft = 5ft, ft = ft = ft = ft = 0. 
Consequently, it suffices to consider the following two cases: 

(1) * = i; 

(2) 5 ^ ±, 0( ei ) = 0(e 2 ) = 0. 

In the former case, <f>(ei) = a±ei + a 7 uz + asuw + agvz + a±ovw and 0(e 2 ) = ae 2 . Put x = e 2 
and y = z in (1); then 

7i ei + 7|e 2 + ^z + + 75W + 7|v + 77MZ + ^\uw + ^gvz + 7f vu> = 
0(z) = 20(ze 2 ) = (j)(z)e 2 + z(f)(e 2 ) = 
7 2 e 2 + \ilz + ± 7 fu> + §7* u + i 7 |u + \az, 

and so 0(z) = 7|e 2 + az. If in (1) we put x — e\ and y = z we obtain 7|e 2 + 0:2; = 0(z) = 
2(/>(zei) = <f>(z)ei + z<f>(ei) = (7|e 2 + az)e\ + z{a.\e\ + +afuz + a^uw + agfz + aiofuft whence 
7f = and a = ai; that is, 0(z) = az. Similarly, for u>, w, and t>, we have <f>(u) = au, 0(t>) = av, 
and <f>(w) = aw. Hence <f>(uz) = <f>([u,z\) = \{(f){u)z + u<f>(z)) = ^(a[u,z] +a[u,z\) = auz. 
Analogously, we obtain <p(uw) = auw, <f>(vz) = avz, and <f>(vw) = avw. 
Let x = [u, z] and y = [v, w] in (1); then 

20(d) = (f)([u,z][v,w\) = ±(<j>([u,z])[v,w] + [u,z](f)([v,w])) = 
a[u, z][v, w] = 2at\. 

The fact that is linear implies <f>(x) = ax, a G F, for x G K w arbitrary. 
We handle the second case. Put x = z and y = e± in (1). Then 

7i e i + 7f e 2 + 71-2 + llw + I5U + 7qW + 77MZ + 7|wu; + ^vz + 7f f w = 

<f)(z) = 2<\>(ze x ) = 25(0(^)ei + z^)) = 
25(7fei + \^z + + \llu + + 77 uz + ^uw + ^gvz + ^yf vw), 

which yields <p(z) = 0. Similarly, we arrive at <f>(w) = 4>{y) = <f>(u) = 0. Since e±, e 2 , z, v , u, w 
generate K±o, we have = 0. The lemma is proved. 

THEOREM 4.4. Let A be a simple finite-dimensional Jordan superalgebra over an 
algebraically closed field of characteristic 0, and let be a non-trivial 5-derivation of A. Then 
5 = | and <p(x) = ax for some a G F and for any x G A. 

The proof follows from Theorems 1.2, 2.1 and Lemmas 3.1-3.6, 4.1-4.3. 
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